Abstract. We prove a singular Darboux type theorem for homogeneous polynomial differential 1-forms of degree one on C n . As application, we classify non-integrable distributions of degree one and arbitrary classes on projective spaces extending the Jouanolou classification for foliations.
Introduction
The classical Darboux Theorem states that if ω is a closed non-singular holomorphic 2-form on C n which satisfies ω k = 0 and ω k+1 = 0, then there exists a coordinate system (x 1 , . . . , x k , y 1 , . . . , y k , z) ∈ C n , with z = (z 2k+1 , . . . , z n ) such that ω = dx 1 ∧ dy 1 + · · · + dx k ∧ dy k .
In this work we prove the following version of Darboux Theorem for degree one homogeneous polynomial differential 1-forms on C n . Theorem 1.1. Let ω be a homogeneous polynomial closed 2-form of degree one on C n such that ω k ≡ 0 and ω k+1 ≡ 0. Then, there exists a coordinate system (x 1 , . . . , x k , y 1 , . . . , y k , z) ∈ C n , with z = (z 2k+1 , . . . , z n ) such that ω reduces to one of the following normal forms:
(1) ω = i<j f ij dx i ∧dx j + i<j r ij dy i ∧dy j + i,j s ij dx i ∧dy j , with f ij , r ij , s ij ∈ C[x 1 , . . . x k , y 1 , . . . , y k ], or (2) ω = dΩ+dt 1 ∧dh 1 +· · ·+dt k ∧dh k , where Ω ∈ dx 1 , . . . , dx k , dy 1 , . . . , dy k 1 is a degree 2 polynomial of differential 1-form, t 1 , . . . , t k are linear polynomials in the variables (x 1 , . . . , x k , y 1 , . . . , y k ) and h 1 , . . . , h k are quadratic polynomials.
This result is a version for non locally decomposable 2-form of a theorem due to A. Medeiros [12, Theorem A] . Indeed, Medeiros has given a classification of locally decomposable homogeneous q-forms of degree one on C n .
In [9] J-P Jouanolou classified codimension one holomorphic foliations of degree one on P n . More precisely, he showed that if F is such foliation, then is either: i) F is defined a dominant rational map P n P(1, 2) with irreducible general fiber determined by a linear polynomial and one quadratic polynomial; or ii) F is the linear pull back of a foliation of induced by a global holomorphic vector field on P 2 .
Loray, Pereira and Touzet in [10 , Theorem 6] generalized the Theorem of Jouanolou to holomorphic foliation with codimension q ≥ 1 and degree one by using the above cited result due to Medeiros [12, Theorem A] . They showed that if F is a foliation of degree one and codimension q on P n , then is either:
i) F is defined a dominant rational map P n P(1 q , 2) with irreducible general fiber determined by q linear polynomials and one quadratic form; or ii) F is the linear pull back of a foliation of induced by a global holomorphic vector field on P q+1 .
Let F be a codimension one distribution on a complex manifold X, and consider the associated line bundle L F := det(T X /T F ), where T F denotes its tangent sheaf. The distribution F corresponds to a unique (up to scaling) twisted 1-form
non vanishing in codimension one. For every integer i ≥ 0, there is a well defined twisted (2i + 1)-form
The class of F is the unique non negative integer k = k(F ) such that
By Frobenius theorem, a codimension one distribution is a foliation if and only if k(F ) = 0. We shall use our Darboux type theorem in order to classify non-integrable distributions on P n of degree one and arbitrary class. Theorem 1.2. Let F be a distribution on P n of degree one and class k. Then is either:
i) there is a rational linear map ρ : P n P 2k+1 and a distribution G of degree one on P 2k+1 such that F = ρ * G.
ii) there is a rational map ξ :
iii) there is a coordinate system (x 0 : · · · , x k : y 0 , · · · : y k : z) and a polynomial quadratic 1-form Θ ∈ dx 0 , · · · , dx k , dy 0 , · · · , dy k with i R dΘ = 0 for the radial field R such that F is induced by i R dΘ + ξ * θ 0 , where ξ * θ 0 is the pull-back of the canonical of contact 1-form in P(1 k+1 , 2 k+1 ) via a rational
In [2] the authors have showed under generic conditions that a non-integrable distribution( of degree d ≥ 1) has normal forms like in the item ii) of Theorem 1.2.
) the space of distributions of codimension one on P n , of degree d and class k. We can see that the spaces
. It is well known that the space D(0; 0; n) of degree zero foliation is the Grassmannian of lines in P n .
For more details about the spaces of foliations D(d; 0; n) see [1] and [11] references therein.
In [4] Araújo, Corrêa and Massarenti studied in particular the geometry of spaces D(0; k; n). More precisely, the authors in [4] showed the following:
) be the variety parametrizing codimension one distributions on P n = P(C n+1 ) of class ≤ k and degree zero. Identify
corresponds to the natural stratification
where
In [3] the authors have studied codimension one distributions of class one and low degree on P 3 describing their moduli spaces in terms of moduli spaces of stables sheaves.
As a consequence of theorem 1.2 we obtain the following:
, the space D(1; k; n) has 3 irreducible components.
Polynomial differential r-forms
Consider the exterior algebra of polynomials differential r-forms in C n given by
The algebra Ω r (n) is naturally graduated:
We will denote the module generated by the differentials dz i1 , . . . , dz ir , with
Now, consider a polynomial r-form ω:
The degree of ω is defined by deg(ω) = max{deg(P i1,...,ir ),
Consider the radial vector field on C n which is given by
In order to proof the theorem 1.2 we shall use the following Jouanoulou's Lemma. 
where R is the radial vector field and i R denotes the interior product or contraction with R.
See [6] and [7] for more details about polynomial differential systems.
Codimension one holomorphic distributions
Let X be a complex manifold of dimension n.
Definition 3.1. A holomorphic distribution F on X of codimension one is a nonzero subsheaf T F ⊂ T X , of rank (n − 1), which is saturated, i.e. such that the quotient T X /T F is torsion-free. The sheaf T F is called by the tangent sheaf of F . The normal sheaf of F is the sheaf N F := (T X /T F ). We denote its determinant by L F = det(N F ). The singular locus of F is the locus Sing(F ) where N F fails to be locally free.
Let F be a codimension one distribution on X. The (n − 1)-th wedge product of the inclusion N * F ⊂ Ω 1 X gives rise to a twisted 1-form
non vanishing in codimension 1. We have that T F is the kernel of the morphism given by the contraction with ω F . For every integer i ≥ 0, there is a well defined twisted (2i + 1)-form
The class of F is the unique non negative integer
See [8] and [5] .
3.1. Holomorphic projective distributions. A holomorphic distribution on a complex projective space will be called by holomorphic projective distribution.
be a twisted 1-form induced by a codimension one distribution F on a complex projective space P n .
If i :
is a section of a line bundle, and its divisor of zeros reflects the tangencies between F and i(P 1 ). The degree of F is, by definition, the degree of such a tangency
. That is, a codimension one distribution F on a complex projective space P n of degree d induces a global section ω ∈ H 0 (P n , Ω 1 P n (d + 2)). Besides, the Euler sequence implies that a section ω of Ω 1 P n (d+ 2) can be thought of as a polynomial k-form on C n+1 with homogeneous coefficients of degree d + 1, which we will still denote by ω, satisfying
∂x n is the radial vector field.
Proof of Theorem 1.1
Let ω be a homogeneous polynomial differential 2-form of degree 1 such that,
Taking p 0 ∈ C n \ Sing(ω), it follows from the classic Darboux theorem that we can find a neighborhood of x 0 and 1-forms θ i , α i i ∈ {1, · · · k} such that
We can see ω as a holomorphic map ω : C n → ∧ 2 (C n ) and since ω is linear
, where ω ′ (p 0 ) is the derivative of ω at p 0 . Therefore, we have that
Now, we can define
Thus, we get
We write
. .
where η i , π i ∈ dz 2k+1 , · · · , dz n and g ij , h ij , l ij , m ij are linear functions for i, j ∈ {1, · · · , k}. Therefore, we have the following expression for ω:
By using the hypothesis ω k+1 = 0, we have the following identity:
where u ij and v ij are products of (l ji − l ij ) with (g ji − g ij ) and they have degree k − 2. Observe that w ij also has degree k − 2, but are products of (h ji − h ij ) with themselves.
By taking the wedge product with dx 1 ∧ · · · dx i ∧ · · · dx k we obtain
Since η i , π i ∈ dz 2k+1 , . . . , dz n we obtain
and,
. . , k}. Therefore, if π i = 0 for all i, j ∈ {1, . . . , k}, we have that
where f ij , r ij and s ij are linear functions. Moreover, since dω = 0, we conclude that in fact
Suppose now that π i = 0 for some i ∈ {1, . . . , k}. Since dω = 0, we conclude from (3) that
By taking wedge product of (6) with
where σ i and ξ i are constants 1-forms for all i. Then, there is a linear 1-form
. By an analogous argument, we can find quadratic polynomials f 1 i , f 2 i and linear 1-forms forms β i , µ i ∈ dx 1 , . . . , dx k , dy 1 , . . . , dy k such that
Thus, we obtain that
Now, we define
Observe that δ i ∈ dx 1 , . . . , dx k , dy 1 , . . . , dy k , ∀i ∈ {1, . . . , k}. Since
Substituting (8) in (4) we obtain
, we can write (7) as follows
Thus, we obtain the following expression for ω:
where ζ ∈ dx 1 , . . . , dx k , dy 1 , . . . , dy k is a linear 2-form. This is,
with t 1 , . . . , t k linear and dependent only on the variables (x 1 , . . . , x k , y 1 , . . . , y k ). Note that dω = dζ, and since dω = 0, there exists an 1-form Ω ∈ dx 1 , . . . , dx k , dy 1 , . . . , dy k with quadratic coefficients such that ζ = dΩ. Therefore
In order to proof this theorem we will use similar idea in [10] . Indeed, we will use the theorem 1.1 and Jouanolou's lemma.
Let θ be the homogeneous polynomial 1-form in C n+1 of degree 2 and of class k which induces F . Consider the polynomial 2-forma dθ. Since the classe of θ is k we have that (dθ) k+1 ≡ 0 and (dθ) k+2 ≡ 0. It follows from theorem 1.1 that there is a coordinates system (x 0 , . . . , x k , y 0 , . . . , y k , z) with z = {z 2k+3 , . . . , z n+1 } such dθ reduces to one of the following normal forms:
(1) dθ = i<j f ij dx i ∧dx j + i<j r ij dy i ∧dy j + i,j s ij dx i ∧dy j , with f ij , r ij , s ij ∈ C[x 0 , . . . x k , y 0 , . . . , y k ], or (2) dθ = dΘ + dt 1 ∧ dh 1 + · · ·+ dt k ∧ dh k , where Θ ∈ dx 0 , . . . , dx k , dy 0 , . . . , dy k is a quadratic 1-form, t 1 , . . . , t k are linear polynomials in the variables (x 0 , . . . , x k , y 0 , . . . , y k ) and h 1 , . . . , h k are quadratic polynomials.
The normal form 1) proves i).
Since θ induces a distribution on P n , then i R θ = 0 and it follows from Jouanolou's lemma (2.1) that (9) i R dθ = 3θ.
On the one hand ,we have that
On the other hand, by contracting dθ with the radial vector field R we obtain
Substituting (9) and (10) in (11) we conclude that
If i R dΘ = 0 then we are in the case ii). In fact, in this case the form θ is the pull back of the canonical contact form If i R dΘ = 0 then the distribution F will be induced by the 1-form
This shows the case iii).
✷
